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0. Introduction
Let κ be a regular uncountable cardinal and λ ≥ κ be a cardinal. For A ⊆ Pκ(λ), consider the following game Hκ,λ(A):
The game lastsωmoves, player I making the first move. I and II alternately pickmembers of Pκ(λ), thus building a sequence
< an : n < ω > . I wins just in case⋃n<ω an /∈ A. Let NGκ,λ denote the collection of all A such that I has a winning strategy
in Hκ,λ(A). Then NGκ,λ is a normal ideal. The paper is devoted to a study of its properties.
We show that Pκ(λ) is the disjoint unionofM(κ, λ) sets not inNGκ,λ,whereM(κ, λ) equalsλℵ0 if cf (λ) = ω or cf (λ) ≥ κ,
and λ+ · λℵ0 otherwise. Moreover, we observe that if there is no inner model with ℵ2 measurable cardinals, then M(κ, λ)
is the least size of any member of the dual filter NG∗κ,λ (and hence Pκ(λ) cannot be decomposed into more than M(κ, λ)
members of NG+κ,λ). Our guess is that further investigation will make it possible to derive the same conclusion from a much
weaker hypothesis.
The paper also includes (part of the proof of) the result that 2<κ ≤ M(κ, λ) implies ♦κ,λ[NGκ,λ]. This can be seen as a
generalization of the result of Shelah [31] and Todorcevic [34] that ♦ω1,µ holds for every cardinal µ > ω1.
As will be clear from the proofs (that use such tools as club-guessing, scales, Namba trees and mutually stationary sets),
this paper owes a great deal to the previous work of Shelah, Todorcevic and Foreman and Magidor.
The paper is organized as follows. In Section 1 we recall some definitions and a few facts. In Section 2 we define NGκ,λ
and derive some of its basic properties. In Section 3 we prove that NGκ,λ = p(NSω1,λ<κ ) for some p : Pω1(λ<κ) −→ Pκ(λ).
Section 4 is devoted to the question ofwhether there exists A such thatNGκ,λ = NSκ,λ|A. In Section 5 it is shown that for each
A ∈ NG+κ,λ, (A,⊂) contains closed chains of any countable length. Section 6 is concerned with situations when NGκ,λ can
be characterized by a certain partition relation. Section 7 is devoted to the problem of decomposing an arbitrary member A
of NG+κ,λ into a large number of disjoint subsets in NG
+
κ,λ. Section 8 is concerned with the special case of this problem when
A = Pκ(λ). Section 9 is a mixed bag of results dealing with the saturation of NGκ,λ. The subject matter of the final Section 10
is the combinatorial principle ♦κ,λ[NGκ,λ].
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1. Basic material
Let X be an infinite set. An ideal on X is a collection J of subsets of X such that (a) P(A) ⊆ J for every A ∈ J, (b) A ∪ B ∈ J
whenever A, B ∈ J, (c){x} ∈ J for all x ∈ X, and (d) X /∈ J . Given an ideal J on X, let J+ = P(X)\ J and J∗ = {B ⊆ X : X \B ∈ J}.
cof(J) denotes the least cardinality of any H ⊆ J such that J = ⋃A∈H P(A). For A ∈ J+, let J|A = {B ⊆ X : B ∩ A ∈ J}. Note
that cof(J|A) ≤ cof(J). For a cardinal ν, J is ν-complete if ∪X ∈ J for any X ⊆ J with |X | < ν. For a cardinal θ, J is θ-
saturated (respectively,weakly θ-saturated) if there is no size θ subset Q of J+ with the property that A∩B ∈ J (respectively,
A∩ B = φ) for any two distinct members A, B of Q . J is nowhere θ-saturated (respectively, nowhere weakly θ-saturated) if J|A
is θ-saturated (respectively, weakly θ-saturated) for no A ∈ J+.
Let X and Y be two infinite sets, J (respectively, K) be an ideal on X (respectively, Y ), and p be a function from X to Y . We
write K = p(J) just in case K = {A ⊆ Y : p−1(A) ∈ J}. Note that if K = p(J), then (a) {p′′B : B ∈ J∗} ⊆ K ∗, and (b) for every
A ⊆ Y and every B ⊆ X, B ⊆ p−1(A) if and only if p′′B ⊆ A, and therefore cof(K) ≤ cof(J).
For a regular infinite cardinal µ < κ, Eκµ denotes the set of all infinite limit ordinals α < κ with cf (α) = µ.
The nonstationary ideal on κ is denoted by NSκ .
Lemma 1.1. [Solovay [33]] Every stationary subset of κ is the disjoint union of κ stationary subsets.
For a set A and a cardinal ρ, let Pρ(A) = {a ⊆ A : |A| < ρ}.
Iκ,λ denotes the set of all A ⊆ Pκ(λ) such that {a ∈ A : b ⊆ a} = φ for some b ∈ Pκ(λ). Note that Iκ,λ is an ideal on Pκ(λ).
u(κ, λ) denotes the least cardinality of any A ∈ I+κ,λ. The following lists some elementary properties (see e.g. [5] and [22]):
Lemma 1.2. (i) u(κ, λ) ≥ λ.
(ii) cf (u(κ, λ)) ≥ κ .
(iii) λ<κ = 2<κ · u(κ, λ).
(iv) If λ < κ+ω, then u(κ, λ) = λ.
(v) u(κ, λ) = cof(Iκ,λ|A) for any A ∈ I+κ,λ.
An ideal J on Pκ(λ) is fine if Iκ,λ ⊆ J .We adopt the convention that the phrase ‘‘ideal on Pκ(λ)’’ means ‘‘fine ideal on
Pκ(λ).’’
An ideal J on Pκ(λ) is normal (respectively, κ-normal) if for every A in J+ and every f : A −→ λ (respectively, f : A −→ κ)
with the property that f (a) ∈ a for any a ∈ A, one can find B ∈ J+ ∩ P(A) so that f is constant on B.
NSκ,λ denotes the nonstationary ideal on Pκ(λ). Note that for λ = κ, κ ∈ NS∗κ,λ and NSκ = NSκ,λ ∩ P(κ).
Lemma 1.3 (Menas [25]). Let ν > λ be a cardinal. Then NSκ,λ = p(NSκ,ν), where p : Pκ(ν) −→ Pκ(λ) is defined by
p(a) = a ∩ λ.
Lemma 1.4. (i) (Menas [25]) λ < cof(NSκ,λ) ≤ 2λ.
(ii) (Matet–Péan–Shelah [22]) For every A ∈ NS+κ,λ, cof(NSκ,λ|A) = cof(NSκ,λ).
cof(NSκ,λ) denotes the least cardinality of any Q ⊆ NSκ,λ such that for every A ∈ NSκ,λ, there exists X ∈ Pκ(Q ) with
A ⊆ ∪X .
Lemma 1.5 (folklore). Assume λ is regular, and let A ⊆ {α < λ : cf (α) < κ}. Then A ∈ NS+λ if and only if {a ∈ Pκ(λ) : ∪a ∈
A} ∈ NS+κ,λ.
Let A be an infinite set of regular cardinals with |A| < min(A), and I be an ideal on A. For f , g ∈ AOn, let f <I g if
{a ∈ A : f (a) < g(a)} ∈ I∗, and f ≤I g if {a ∈ A : f (a) ≤ g(a)} ∈ I∗.
Let µ > |A| be a regular cardinal, Ef =< fξ : ξ < µ > be an <I-increasing sequence in AOn, and δ < µ be an infinite
limit ordinal. The ordinal δ is a good point of Ef if there exists g ∈ AOn such that (a) fξ ≤I g for all ξ < δ, (b) for any h ∈ AOn
with h <I g, there is ξ < δ with h ≤I fξ , and (c) cf (g(a)) = cf (δ) for all a ∈ A.
We let
∏
A = ∏a∈A a. Given a regular cardinal µ,we say that tcf(∏ A/I) = µ if there exists an<I-increasing sequence
< fξ : ξ < µ > of functions in∏ Awith the property that for any g ∈∏ A, there is ξ < µwith g ≤I fξ .
Lemma 1.6 (Shelah [30]). Suppose λ is a singular cardinal. Then there is a set A of regular cardinals less than λ such that
o.t.(A) = cf (λ) < min(A), sup(A) = λ and tcf(∏ A/I) = λ+, where I =⋃a∈A P(A ∩ a).
Suppose λ is a singular cardinal. Given two cardinals pi and θ with pi < θ ≤ λ, we let ppΓ (θ,pi)(λ) = sup(X), where
X is the set of all cardinals µ such that µ = tcf(∏ A/I) for some infinite set A of regular cardinals with sup(A) = λ and
|A| < min(θ,min(A)), and some pi-complete ideal I on A. We let pp(λ) = ppΓ ((cf (λ))+,ω)(λ).
Lemma 1.7 (Liu [12]). Suppose that ω < cf (λ) < λ and ρcf (λ) < λ for every cardinal ρ < λ. Then λcf (λ) =
ppΓ ((cf (λ))+,cf (λ))(λ).
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2. NGκ,λ
Definition. For A ⊆ Pκ(λ),Gκ,λ(A) denotes the following two-person game consisting of ω moves: First I chooses a0 ∈
Pκ(λ); II answers by playing b0 ∈ Pκ(λ) with a0 ⊆ b0; then I selects a1 ∈ Pκ(λ) with b0 ⊆ a1; II replies by playing
b1 ∈ Pκ(λ)with a1 ⊆ b1, etc. II wins if and only if⋃n∈ω an ∈ A.
Definition. NGκ,λ denotes the collection of all A ⊆ Pκ(λ) such that I has a winning strategy in Gκ,λ(A).
In the remainder of the section we present some elementary properties of NGκ,λ.
Proposition 2.1 (Matet [15]). (i) NGκ,λ is the collection of all A ⊆ Pκ(λ) such that II has a winning strategy in Gκ,λ(Pκ(λ)\A).
(ii) NGκ,λ is a normal ideal on Pκ(λ).
Proof. (i) Given a winning strategy σ for I in Gκ,λ(A), we define a winning strategy τ for II in Gκ,λ(Pκ(λ) \ A) by
τ(a0, . . . , an) = σ(b0, . . . , bn),where b0 = a0 ∪ σ(φ) and bi+1 = ai+1 for i = 0, 1, . . ..
Conversely, given a winning strategy θ for II in Gκ,λ(Pκ(λ) \ A), we define a winning strategy χ for I in Gκ,λ(A) by
χ(φ) = θ(φ) and χ(d0, . . . , dn) = θ(φ, d0, . . . , dn).
(ii) It is easy to check that NGκ,λ is an ideal on Pκ(λ). To show normality, let Aα ∈ NGκ,λ for α < λ. We must show that
B ∈ NGκ,λ,where B = {a ∈ Pκ(λ) : ∃α ∈ a(a ∈ Aα)}. Forα < λ, select awinning strategy σα for I inGκ,λ(Aα).We define
awinning strategyσ for I inGκ,λ(B)byσ(φ) = φ, σ(b0) =⋃α∈b0 σα(b0) andσ(b0, . . . , bn+1) = dn+10 ∪dn+11 ∪. . .∪dn+1n+1,
where dn+10 =
⋃
α∈b0 σα(b0, . . . , bn+1), d
n+1
1 =
⋃
α∈b1\b0 σα(b1, . . . , bn+1), . . . , d
n+1
n+1 =
⋃
α∈bn+1\bn σα(bn+1). 
Proposition 2.2. {a ∈ Pκ(λ) : |a| = |a ∩ κ|} ∈ NG∗κ,λ.
Proof. Let us assume that κ is a limit cardinal less than λ since otherwise the result is obvious. Setting A = {a ∈ Pκ(λ) :
|a| 6= |a ∩ κ|}, we define a winning strategy σ for I in Gκ,λ(A) as follows. We let σ(φ) = ω. Suppose II successively plays
b0, b1, . . . For n < ω,we pick σ(b0, . . . , bn) so that σ(b0, . . . , bn) ∈ {a ∈ Pκ(λ) : bn ⊆ a} and κ∩σ(b0, . . . , bn) is a cardinal
greater than |bn|. 
Definition. Yκ,λ denotes the set of all nonempty a ∈ Pκ(λ) such that (a) for every α ∈ a, α+1 ∈ a, and (b) for every regular
uncountable cardinal ρ < κ, and every increasing sequence< αξ : ξ < ρ > of elements of a,⋃ξ<ρ αξ ∈ a ∪ {λ}.
Note that if a ∈ Yκ,λ, then cf (∪(a ∩ θ)) = ω for every limit ordinal θ such that κ ≤ θ ≤ λ and cf (θ) ≥ κ .
Proposition 2.3. Yκ,λ ∈ NG∗κ,λ.
Proof. Define a winning strategy σ for I in Gκ,λ(Pκ(λ) \ Yκ,λ) as follows: Consider a run of the game where II’s successive
moves are b0, b1, . . . Set σ(φ) = ω and σ(b0, . . . , bn) = bn ∪ cn ∪ dn, where cn = {α + 1 : α ∈ bn} and dn = the set of all
limit ordinals β < λ such that ω < cf (β) and ∪(bn ∩ β) = β . 
Proposition 2.4. Let µ > λ be a cardinal. Then NGκ,λ = p(NGκ,µ), where p : Pκ(µ) −→ Pκ(λ) is defined by p(a) = a ∩ λ.
Proof. Fix B ⊆ Pκ(λ), and let A = p−1(B). If σ is a winning strategy for II in Gκ,λ(Pκ(λ) \ B), then the strategy τ defined by
τ(a0, . . . , an) = an ∪ σ(a0 ∩ λ, . . . , an ∩ λ)
is a winning one for II in Gκ,µ(Pκ(µ) \ A). Conversely, if τ is a winning strategy for II in Gκ,µ(Pκ(µ) \ A), then the strategy σ
defined by σ(a0) = λ ∩ τ(a0) and
σ(a0, . . . , an+1) = λ ∩ τ(a0, a1 ∪ τ(a0), . . . , an+1 ∪ τ(a0, . . . , an))
is a winning one for II in Gκ,λ(Pκ(λ) \ B). 
Corollary 2.5. Let µ > λ be a cardinal. Then cof(NGκ,λ) ≤ cof(NGκ,µ).
3. NGκ,λ = g(NSω1,λ<κ )
In this section we show that NGκ,λ is a projection of the nonstationary ideal on Pω1(λ
<κ).
Definition. Zκ,λ denotes the collection of all B ⊆ Pκ(λ) such that for every a ∈ Pκ(λ), there is z ∈ Pω1(B)with a ⊆ ∪z.
Note that I+κ,λ ⊆ Zκ,λ.
Definition. For A, B ⊆ Pκ(λ), the two-person game Hκ,λ(A, B) is defined as follows. The game lasts ω moves, player I
making the first move. I and II alternately pick members of B, thus building a sequence< cn : n ∈ ω >. II wins just in case⋃
n∈ω cn ∈ A.
Proposition 3.1. Given A ⊆ Pκ(λ) and B ∈ Zκ,λ, the following are equivalent:
(i) II has a winning strategy in Gκ,λ(A).
(ii) II has a winning strategy in Hκ,λ(A, B).
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Proof. Select h : Pκ(λ)×ω −→ B so that d ⊆⋃n∈ω h(d, n), and a one-to-one function k : ω×ω −→ ω so that k(0, 0) = 0
and k(i, j) ≥ i.
To prove (i)→ (ii), let τ be a winning strategy for II in Gκ,λ(A). We define a winning strategy σ for II in Hκ,λ(A, B) as
follows. Consider a run of the game Hκ,λ(A, B)where I’s successive moves are e0, e1, . . . Set a0 = e0 and for each t ∈ ω,
at+1 = et+1 ∪
(⋃
n∈ω
h(τ (a0, . . . , at), n)
)
.
Given m ∈ ω, we let σ(e0, . . . , em) = em if m /∈ ran(k), and σ(e0, . . . , em) = h(τ (a0, . . . , ai), j) if m = k(i, j). It is
immediate that⋃
r∈ω
ar =
(⋃
m∈ω
em
)
∪
(⋃
s∈ω
σ(e0, . . . , es)
)
.
For the converse, let σ be a winning strategy for II in Hκ,λ(A, B). We define a winning strategy τ for II in Gκ,λ(A) as follows.
Consider a run of the game Gκ,λ(A)where I successively plays a0, a1, . . .. Givenm ∈ ω, let em = h(a0, 0) ifm /∈ ran(k), and
em = h(ai, j) ifm = k(i, j). Now let τ(a0, . . . , am) = am ∪ σ(e0, . . . , em). As above, we have⋃
r∈ω
ar =
(⋃
m∈ω
em
)
∪
(⋃
s∈ω
σ(e0, . . . , es)
)
. 
Proposition 3.2 (Kueker [10]). Let κ = ω1 and B = {{α} : α ∈ λ}. Then for any A ⊆ Pκ(λ), the following are equivalent:
(i) II has a winning strategy in Hκ,λ(A, B).
(ii) A ∈ NS∗κ,λ.
Corollary 3.3 (Matet [15]). NGω1,λ = NSω1,λ .
Proof. By Propositions 3.1 and 3.2. 
Definition. cof<ω1(Iκ,λ) is the least cardinality of any X ⊆ Iκ,λ such that for every A ∈ Iκ,λ, there is Q ∈ Pω1(X) with
A ⊆ ∪Q .
The following is readily checked.
Proposition 3.4. (i) cof<ω1(Iκ,λ) = the least cardinality of any member of Zκ,λ.
(ii) λ ≤ cof<ω1(Iκ,λ).
(iii) cof<ω1(Iκ,λ) ≤ cof<ω1(Iκ,µ) for every cardinal µ > λ.
Proposition 3.5. Let µ be a cardinal with cof<ω1(Iκ,λ) ≤ µ ≤ λ<κ . Then there is a one-to-one function y : µ → Pκ(λ) such
that (a) for any β ∈ λ, β ∈ y(β), and (b) NGκ,λ = y(NSω1,µ), where y : Pω1(µ)→ Pκ(λ) is defined by y(x) =
⋃
δ∈x y(δ).
Proof. Pick B ∈ Zκ,λ with |B| = µ. Set C = {∪t : t ∈ Pω(B) \ {φ}} and select a bijection q : µ→ C . We define a bijection
h : µ → µ as follows. For β < λ, h(β) is defined inductively. Put h(0) = the least δ < µ such that {0} ∪ q(0) ⊆ q(δ).
Suppose 0 < β < λ and h  β has been constructed. We set h(β) = the least δ < µ such that {ξ, β} ∪ q(β) ⊆ q(δ),where
ξ is the least element of λ that does not belong to
⋃
α<β q(h(α)). In case λ < µ, pick a bijection p : µ \ λ→ µ \ ran(h  λ)
and set h = (h  λ) ∪ p. Now set y = q ◦ h. Note that ran(y) ∈ Zκ,λ. Using Propositions 3.1 and 3.2, we have that for any
A ⊆ Pκ(λ), A ∈ NGκ,λ iff II has a winning strategy in Gκ,λ(Pκ(λ) \ A) iff II has a winning strategy in Hκ,λ(Pκ(λ) \ A, ran(y))
iff II has a winning strategy in Hω1,µ(Pω1(µ) \ y−1(A), {{γ } : γ ∈ µ}) iff y−1(A) ∈ NSω1,µ. 
Corollary 3.6. cof(NGκ,λ) ≤ cof(NSω1,µ), where µ = cof<ω1(Iκ,λ).
Corollary 3.7. There is A ∈ NG∗κ,λ such that |A| ≤ µℵ0 , where µ = cof<ω1(Iκ,λ).
Proof. Let A = ran(y),where y is as in the statement of Proposition 3.5. Clearly y−1(Pκ(λ)\A) = φ, so Pκ(λ)\A ∈ NGκ,λ. 
4. NGκ,λ = NSκ,λ|A?
The question we are concerned with in this section is whether NGκ,λ is a restriction of NSκ,λ. We will see that assuming
GCH, the answer is negative just in case ω < cf (λ) < κ .
Proposition 4.1. Let J be an ideal on Pκ(λ). Then cf (cof<ω1(J)) = ω or cf (cof<ω1(J)) ≥ κ .
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Proof. Suppose to the contrary that ω1 ≤ ρ < κ, where ρ = cf (cof<ω1(J)). Select Xα ⊆ J for α < ρ so that (i)
|Xα| < cof<ω1(J), (ii) Xβ ⊆ Xα for all β < α, and (iii) for any B ∈ J, there is S ∈ Pω1(
⋃
α<ρ Xα) with B ⊆ ∪S. For
α < ρ, let
Yα = {A ∪ {a ∈ Pκ(λ) : α /∈ a} : A ∈ Xα}
and pick Bα ∈ J so that Bα * ∪T for every T ∈ Pω1(Yα). Now put B =
⋃
α<ρ{a ∈ Bα : α ∈ a}. Since B ∈ J,we can find β < ρ
and S ∈ Pω1(Xβ) so that B ⊆ ∪S. Setting
T = {A ∪ {a ∈ Pκ(λ) : β /∈ a} : A ∈ S},
we obtain
Bβ ⊆ B ∪ {a ∈ Pκ(λ) : β /∈ a} ⊆ ∪T .
Contradiction. 
Corollary 4.2. If ω < cf (λ) < κ, then cof<ω1(Iκ,λ) ≥ λ+.
Proof. By Proposition 3.4(ii) and 4.1. 
Proposition 4.3. Suppose λ > κ and either cf (λ) = ω, or cf (λ) ≥ κ . Then cof<ω1(Iκ,λ) = λ ·⋃κ≤µ<λ cof<ω1(Iκ,µ).
Proof. By Proposition 3.4 ((ii) and (iii)),
cof<ω1(Iκ,λ) ≥ λ ·
⋃
κ≤µ<λ
cof<ω1(Iκ,µ).
For the reverse inequality, we consider two cases.
Case cf (λ) = ω: Select an increasing sequence< λn : n < ω > of cardinals so that κ ≤ λ0 and⋃n<ω λn = λ. For n < ω,
pick Bn ∈ Zκ,λn with |Bn| = cof<ω1(Iκ,λn). Then
⋃
n∈ω Bn ∈ Zκ,λ.
Case cf (λ) ≥ κ: For κ ≤ γ < λ, pick Bγ ⊆ Pκ(γ ) so that |Bγ | = cof<ω1(Iκ,|γ |) and for any a ∈ Pκ(γ ), there is z ∈ Pω1(Bγ )
with a ⊆ ∪z. Then⋃κ≤γ<λ Bγ ∈ Zκ,λ. 
Assume the Covering Theorem (i.e. for every uncountable set X of ordinals, there exists some Y ⊇ X in M such that
|Y | = |X |) holds for some inner model M that satisfies GCH. Then by Corollary 4.2 and Proposition 4.3, cof<ω1(Iκ,λ) equals
λ+ ifω < cf (λ) < κ, and λ otherwise. Moti Gitik pointed out to us that the failure of the assumption is equiconsistent with
the existence of an inner model with ℵ2 measurable cardinals.
Corollary 4.4. Suppose λ < κ+ω1 . Then cof<ω1(Iκ,λ) = λ.
Corollary 4.4 is optimal in the sense that ‘‘cof<ω1(Iκ,λ) = λ+ for λ = κ+ω1", ‘‘cof<ω1(Iκ,λ) = λ for λ = κ+(ω1+1)"
and ‘‘cof<ω1(Iκ,λ) = λ for λ = κ+(ω1+ω)" do not necessary hold. Set κ = ω2 and λα = κ+(ω1+α) for every α ≤ ω.
Moti Gitik and Menachem Magidor pointed out to us that given n < ω it is, by the work of Merimovich [26], consistent
relative to a cardinal ν with o(ν) = ν+(2+n) + ω1 that 2ℵ1 = ℵ2,ℵℵ0ω1 = ℵω1 and ℵℵ1ω1 = ℵ+(2+n)ω1 . Then for each
α ≤ n + 1, cof<ω1(Iκ,λα ) = λn+2 > λℵ0α since λ<κα = 2<κ · u(κ, λα) and u(κ, λα) ≤ (cof<ω1(Iκ,λα ))ℵ0 . Furthermore, it
is consistent relative to a cardinal ν with o(ν) = ν+(ω+2) +ω1 that 2ℵ1 = ℵ2,ℵℵ0ω1+ω = ℵω1+ω+1 and ℵℵ1ω1 = ℵω1+ω+2. Then
clearly, cof<ω1(Iκ,λω ) > λ
+
ω = λℵ0ω .
Definition. For g : λ −→ Pκ(λ),Ug denotes the set of all a ∈ Pκ(λ) such that a =⋃ξ∈e g(ξ) for some e ⊆ awith |e| = ℵ0.
Lemma 4.5. Suppose that g and h are two functions from λ to Pκ(λ) such that {Ug ,Uh} ⊆ I+κ,λ. Then Ug1Uh ∈ NSκ,λ.
Proof. It suffices to show that Ug \ Uh ∈ NSκ,λ. For β ∈ λ, pick eβ ∈ {e ⊆ λ : |e| = ℵ0} so that g(β) ⊆ ⋃η∈eβ h(η). Let C
be the set of all a ∈ Pκ(λ) such that for every β ∈ a, eβ ∪ h(β) ⊆ a. Note that C is a closed unbounded subset of Pκ(λ).We
claim that C ∩ Ug ⊆ Uh. Thus let a ∈ C ∩ Ug . Pick t ⊆ a so that |t| = ℵ0 and a =⋃β∈t g(β). Then setting v =⋃β∈t eβ ,we
get
a ⊆
⋃
β∈t
⋃
η∈eβ
h(η) =
⋃
η∈v
h(η) ⊆ a,
so a ∈ Uh. 
Proposition 4.6. Suppose cof<ω1(Iκ,λ) = λ. Then NGκ,λ = NSκ,λ|A for some A ∈ NS+κ,λ.
28 P. Matet / Annals of Pure and Applied Logic 158 (2009) 23–39
Proof. Set µ = λ and let y be as in the statement of Proposition 3.5. We claim that A = Uy is as desired. First note that
{x ∈ Pω1(λ) :
⋃
δ∈x y(δ) /∈ A} ∈ Iω1,λ, so A ∈ NG∗κ,λ. It follows that NSκ,λ|A ⊆ NGκ,λ. For the reverse inclusion, let
B ∈ NS+κ,λ ∩ P(A). Suppose toward a contradiction that B ∈ NGκ,λ. Then by Proposition 3.1, II has a winning strategy τ in
the game Hκ,λ(Pκ(λ) \ B, Pκ(λ)). Let D be the set of all a ∈ Pκ(λ) such that τ(y(α0), . . . , y(αn)) ⊆ a whenever n ∈ ω and
α0, . . . , αn ∈ a. Since D is a closed unbounded subset of Pκ(λ), we can find a ∈ B ∩ D. Pick αn ∈ a for n ∈ ω so that
a =⋃n<ω y(αn). Then
a =
(⋃
n<ω
y(αn)
)
∪
(⋃
n<ω
τ(y(α0), . . . , y(αn))
)
,
a contradiction. 
In particular, if µ<κ ≤ λ for every cardinal µ with κ ≤ µ < λ, and either cf (λ) = ω or cf (λ) ≥ κ, then there exists
A ∈ NS+κ,λ such that NGκ,λ = NSκ,λ|A.
If λ is small, the conclusion of Proposition 4.6 can be made more precise.
Proposition 4.7. Suppose λ < κ+ω1 . Then NGκ,λ = NSκ,λ|A, where A is the set of all a ∈ Pκ(λ) such that cf (∪(a ∩ κ)) = ω
and for any cardinal µ with κ ≤ µ < λ, cf (∪(a ∩ µ+)) = ω.
Proof. Let λ = κ+θ . Select a bijection j : Pω(λ) −→ λ and for each α < λ, a bijection α̂ : |α| −→ α. Define
g : Pω(λ) −→ Pκ(λ) as follows. If e = {α}, where α < κ, put g(e) = α. If e = {α0, . . . , αn}, where 1 ≤ n < ω, α0 <
κ, α0 < α1 < · · · < αn and αi < |αi+1| for every i < n, set g(e) = {(̂αn ◦ · · · ◦ α̂1)(ξ) : ξ < α0}. Otherwise set g(e) = φ.
Now put h = g ◦ j−1 and let D be the set of all a ∈ Pκ(λ) such that (i) 0 ∈ a ∩ κ ∈ κ, (ii) {κ+β : β < θ} ⊆ a, (iii)
a = {j(e) : e ∈ Pω(a)}, and (iv) for every α ∈ a, α + 1 ∈ a and a ∩ α = {̂α(ζ ) : ζ ∈ a ∩ |α|}.
We claim that A ∩ D ⊆ Uh. Thus let a ∈ A ∩ D. Pick z0 ⊆ a ∩ κ so that o.t. (z0) = ω and ∪z0 = ∪(a ∩ κ). Furthermore
for each β < θ, pick zβ+1 ⊆ {δ ∈ a : κ+β ≤ δ < κ+(β+1)} so that o.t.(zβ+1) = ω and ∪zβ+1 = ∪(a ∩ κ+(β+1)). Now let
t = z0 ∪ (⋃β<θ zβ+1) and v = {j(e) : e ∈ Pω(t)}. It is easily verified that a =⋃e∈Pω(t) g(e) =⋃γ∈v h(γ ). Hence a ∈ Uh.
By Corollary 4.4 and the proof of Proposition 4.6, there is y : λ −→ Pκ(λ) such that NSκ,λ|Uy = NGκ,λ. Then by
Proposition 2.3 and Lemma 4.5,
NSκ,λ|A ⊆ NGκ,λ = NSκ,λ|Uy = NSκ,λ|Uh ⊆ NSκ,λ|A. 
Corollary 4.8. Suppose λ < κ+ω. Then there is B ∈ NG+κ,λ with |B| = λ.
Proof. Let λ = κ+n, and let A be as in the statement of Proposition 4.7. For a ∈ A and i ≤ n, put αa,i = ∪(a ∩ κ+i). Now let
B be the set of all a ∈ A such that a ∩ κ = αa,0 and for 0 < i ≤ n,
a ∩ κ+i = {(α̂ia ◦ · · · ◦ α̂1a )(ξ) : ξ < α0},
where for each β < λ, β̂ is a fixed bijection from |β| to β. It is a well-known (and easily verified) fact that B ∈ NS+κ,λ. Hence
by Proposition 4.7, B ∈ NG+κ,λ. 
Lemma 4.9 (Matet–Péan–Shelah [23]). Suppose that cf (λ) < κ and cof(NSκ,µ) ≤ λ for any cardinal µ with κ ≤ µ < λ. Then
NSκ,λ = Iκ,λ|B for some B ∈ I+κ,λ.
Proposition 4.10. Suppose that cf (λ) = ω and
cof<ω1(Iκ,µ) · cof(NSκ,µ) ≤ λ
for any cardinal µ with κ ≤ µ < λ. Then NGκ,λ = Iκ,λ|D for some D ∈ I+κ,λ.
Proof. By Propositions 4.3 and 4.6 and Lemma 4.9. 
For instance assume that cf (λ) = ω and the GCH holds in V . Let P be the notion of forcing that adds θ Cohen reals, where
θ is some cardinal greater than λ+. Then by a result of [22], for any cardinal µ ≥ κ, (cof(NSκ,µ))V P ≤ (cof(NSκ,µ))V = µ+
and (u(κ, µ))V
P ≤ (u(κ, µ))V = (µ<κ)V . Hence by Proposition 4.10 we have that in V P (as in V ), (a) NGκ,λ = Iκ,λ|D for
some D ∈ I+κ,λ, and (b) for any A ∈ NG+κ,λ, there is B ∈ NG+κ,λ ∩ P(A)with |B| = λ+.
Proposition 4.11. Suppose pi = tcf(∏ A/I), where A is an infinite set of regular cardinals with |A| < min(A) and
ω < cf (sup(A)) ≤ |A| < κ < sup(A) ≤ λ,
and I is an ω1-complete ideal on A with {A ∩ a : a ∈ A} ⊆ I. Then NSpi |Epiω = h(NGκ,λ) for some h : Pκ(λ) → pi (and hence
cof(NSpi ) ≤ cof(NGκ,λ)).
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Proof. Select fξ ∈∏ A for ξ < pi so that (i) for ξ < ξ ′ < pi, fξ <I fξ ′ , and (ii) for any g ∈∏ A, there is ξ < pi with g <I fξ .
Define h : Pκ(λ) −→ pi by h(b) = the least ξ such that {a : ∪(b ∩ a) ≤ fξ (a)} ∈ I∗. Note that if b0 ⊆ b1 ⊆ · · · , then
h(
⋃
n<ω bn) =
⋃
n<ω h(bn).
To prove that NSpi |Epiω ⊆ h(NGκ,λ), let C be a closed unbounded subset of pi.Define k : Pκ(λ) −→ h−1(C ∩Epiω ) as follows.
Given b ∈ Pκ(λ), inductively define dn for n < ω by : d0 = b, and dn+1 = dn∪{fζ (a)+1 : a ∈ A},where ζ is the least η ∈ C
with η > h(dn). Now set k(b) =⋃n<ω dn. Then the strategy τ for II in Gκ,λ(h−1(C ∩ Epiω )) defined by τ(b0, . . . , bn) = k(bn)
is clearly a winning one. Hence h−1(C ∩ Epiω ) ∈ NG∗κ,λ.
It remains to show that h(NGκ,λ) ⊆ NSpi |Epiω . Thus fix W ∈ NSpi ∩ P(Epiω ). Given B ∈ NG∗κ,λ, pick a winning strategy σ
for II in Gκ,λ(B). Let s and t be the two functions from
⋃
0<n<ω
npi to Pκ(λ) defined as follows. Let q : n −→ pi, where
0 < n < ω. If n = 1, s(q) = ran(fq(0)) and t(q) = σ(s(q)). Otherwise, s(q) = t(q  (n − 1)) ∪ ran(fq(n−1)) and
t(q) = σ(s(q  1), . . . , s(q  (n − 1)), s(q)). Let D be the set of all γ < pi such that h(t(q)) < γ for every q ∈ ⋃0<n<ω nγ .
Since D is a closed unbounded subset of pi, we can find γ ∈ D ∩ W . Pick a strictly increasing function r : ω −→ γ with⋃
m<ω r(m) = γ . Then clearly h(
⋃
0<n<ω t(r  n)) = γ , so B ∩ h−1(W ) 6= φ. Hence h−1(W ) ∈ NG+κ,λ. 
For example suppose ω < cf (µ) < κ < µ < λ < 2µ for some strong limit cardinal µ,where 2µ is a successor cardinal.
Then by Lemma 1.7 and Proposition 4.11, 2λ < cof(NGκ,λ) and therefore NGκ,λ 6= NSκ,λ|A for all A.
Corollary 4.12. Suppose ω < cf (λ) < κ. Then NSλ+ |Eλ+ω = h(NGκ,λ) for some h : Pκ(λ) → λ+ (and hence cof(NSλ+) ≤
cof(NGκ,λ)).
Proof. By Lemma 1.6 and Proposition 4.11. 
Corollary 4.13. Suppose that ω < cf (λ) < κ and cof(NSκ,λ) < cof(NSλ+). Then NGκ,λ 6= NSκ,λ|A for every A ∈ NS+κ,λ.
Proof. By Corollary 4.12. 
In particular, if ω < cf (λ) < κ and 2λ = λ+, then there is no A ∈ NS+κ,λ such that NGκ,λ = NSκ,λ|A.
Note that it is consistent that ω < cf (λ) < κ and cof(NSκ,λ) = cof(NGκ,λ). In fact suppose that ω < cf (λ) < κ and
the GCH holds in V . Let P be the notion of forcing that adds λ++ Cohen subsets of κ. Then in V P , cof(NSκ) = λ++ = 2λ+
and λ<κ = λ+ = cof<ω1(Iκ,λ).Moreover, by a result of [22], cof(J) ≥ cof(NSκ,λ) ≥ cof(NSκ) for every ideal J on Pκ(λ)with
NSκ,λ ⊆ J. Hence in V P , cof(NSκ,λ|A) = λ++ = cof(NGκ,λ|B) for every A ∈ NS+κ,λ and every B ∈ NG+κ,λ.
Question. Is it consistent that ω < cf (λ) < κ and NGκ,λ = NSκ,λ|A for some A ∈ NS+κ,λ ?
Definition. A subset A of Pκ(λ) is ω-closed if for every increasing sequence< an : n < ω > in (A,⊂),⋃n<ω an ∈ A.
Nω-Sκ,λ denotes the collection of all B ⊆ Pκ(λ) such that A ∩ B = φ for some ω-closed, cofinal set A ⊆ Pκ(λ).
Lemma 4.14 (Matet [15]). (i) Nω-Sκ,λ is a normal ideal on Pκ(λ).
(ii) Nω-Sκ,λ ⊆ NGκ,λ.
Proposition 4.15. Suppose cof<ω1(Iκ,λ) = λ. Then Nω − Sκ,λ = NGκ,λ.
Proof. The result easily follows from Lemma 4.14 and (the proof of) Proposition 4.6 since Ug is clearly ω-closed for any
g : λ −→ Pκ(λ). 
Question. Is it consistent that Nω − Sκ,λ 6= NGκ,λ ?
5. Closed chains
Definition. For a subset A of Pκ(λ) and an ordinal δ, a chain of length δ in A is a sequence< aα : α < δ > of elements of A
such that aβ ⊂ aα whenever β < α < δ.
We will often abuse notation and confuse the chain< aα : α < δ >with the set {aα : α < δ}.
Recall that a subset B of Pκ(λ) is said to be closed if for every ξ < κ and every chain< bγ : γ < ξ > in B,⋃γ<ξ bγ ∈ B.
Note that if δ < κ is a successor ordinal, then the chain< aα : α < δ > is closed just in case aα =⋃β<α aβ for any nonzero
limit ordinal α < δ.
Friedman [8] established that for λ = κ = ω1, any stationary subset of Pκ(λ) contains arbitrarily long countable closed
chains. By a result of Feng [6], Friedman’s result remains valid in case λ > κ = ω1. Generalizing these results, we will show
that any member of NG+κ,λ contains arbitrarily long countable closed chains.
Definition. Let f : Pκ(λ) −→ Pκ(λ). A chain< aα : α < δ > in Pκ(λ) is an f -chain if f (aβ) ⊆ aβ+1 for any ordinal β with
β + 1 < δ.
The proof of the following closely follows Baumgartner’s proof [1] of Friedman’s result.
Lemma 5.1. Suppose κ = ω1, S is a stationary subset of Pκ(λ) and f : Pκ(λ) −→ Pκ(λ). Then for every countable ordinal α, S
contains a closed f -chain of length α + 1.
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Proof. For κ < κ, letΦ(α) assert that for every d ∈ Pκ(λ), the set {x ∈ S : d ⊆ x} contains a closed f -chain of length α+1.
To prove thatΦ(α) holds for every α,we proceed by induction. It is immediate thatΦ(0) holds. ThatΦ(α) impliesΦ(α+1)
is also clear. Now suppose that α is a nonzero limit ordinal andΦ(ξ) holds for every ξ < α. Set Pκ(λ) = {eδ : δ < λ<κ} and
fix θ < λ<κ . Let A be the set of all a ∈ Pκ(λ<κ) such that (i) eδ ⊆ a for every δ ∈ a, (ii) for every η ∈ a and every ζ ∈ a ∩ λ,
there is δ ∈ a such that eη ∪ {ζ } ⊆ eδ, and (iii) for every γ ∈ a and every ξ < α, one can find η ∈ a so that there is a closed
f -chain of length ξ + 1 in the set {x ∈ S : eγ ⊆ x ⊆ eη}. Then A is a closed unbounded subset of Pκ(λ<κ), so by Lemma 1.3
one can find a ∈ A so that ω ∪ {θ} ⊆ a and a ∩ λ ∈ S. Let a ∩ λ = {ζn : n ∈ ω} and α = ⋃n∈ω αn, where α0 < α1 < · · · .
Now define γn, ηn and< cnδ : δ < αn + 2 > for n < ω so that:
(1) γ0 = θ ;
(2) ηn ∈ a;
(3) < cnδ : δ < αn + 2 > is a closed f -chain in the set {x ∈ δ : eγn ⊆ x ⊆ eηn};
(4) γn+1 ∈ a and eηn ∪ {ζn} ⊆ eγn+1 .
Finally let
C = {c0δ : δ ≤ α0} ∪
(⋃
i<ω
{c i+1δ : αi < δ ≤ αi+1}
)
∪ {a ∩ λ}.
Then clearly, C is an f -chain of length α + 1 in the set {x ∈ S : eθ ⊆ x}. HenceΦ(α) holds. 
Proposition 5.2. Let A ∈ NG+κ,λ. Then A contains a closed chain of length α + 1 for every countable ordinal α.
Proof. Set µ = λ<κ and let y and y be as in the statement of Proposition 3.5. Pick f : Pω1(λ<κ) −→ Pω1(λ<κ) so that
y(f (x)) \ y(x) 6= φ for every x ∈ Pω1(λ<κ). Now fix α < ω1. By Lemma 5.1, one can find in y−1(A) a closed f -chain
< xδ : δ < α + 1). Then clearly< y(xδ) : δ < α + 1 > is a closed chain of length α + 1 in A. 
6. A partition property
Definition. For A ⊆ Pκ(λ), [A]2 = {(a, b) ∈ A× A : a ⊂ b}.
Definition. Given X ⊆ P(Pκ(λ)), X −→ (I+κ,λ, ω ⊕ 1)2 means that for all A ∈ X and F : [Pκ(λ)]2 −→ 2, there is either
B ∈ I+κ,λ ∩ P(A) such that F is constantly 0 on [B]2, or a closed chain C of length ω + 1 in A such that F is constantly 1 on
[C]2. The negation of this partition relation is indicated by crossing the arrow.
We will show that (a) for λ = κ,NGκ,λ = {A ⊆ Pκ(λ) : {A} −→/ (I+κ,λ, ω ⊕ 1)2}, and (b) for λ > κ, it is consistent that
this equality holds.
Definition. Kκ,λ is the set of all A ∈ I+κ,λ such that |A ∩ P(a)| < κ for every a ∈ A.
Lemma 6.1 (Matet [16]). (i) Let A ∈ Kκ,λ. Then |A| = u(κ, λ).Moreover, |A ∩ P(b)| < κ for every b ∈ Pκ(λ).
(ii) If λ < κ+ω (or, more generally, if u(κ, λ) = λ), thenKκ,λ 6= φ.
(iii) If κ is inaccessible, thenKκ,λ = I+κ,λ.
For more onKκ,λ, see [16] and [21].
Proposition 6.2. SupposeKκ,λ 6= φ. Then {A} −→ (I+κ,λ, ω ⊕ 1)2 for every A ∈ NGκ,λ.
Proof. FixD ∈ Kκ,λ, and let A ∈ NGκ,λ. By Proposition 3.1, II has a winning strategy τ in the gameHκ,λ(Pκ(λ)\A,D).Define
F : Pκ(λ) × Pκ(λ) −→ 2 by : F(a, b) = 1 if and only if (a) there is d ∈ D such that a ⊆ d ⊆ b, and (b) τ(d0, . . . , dn) ⊆ b
whenever n ∈ ω and d0, . . . , dn ∈ D ∩ P(a). Then clearly there is no B ∈ I+κ,λ such that F takes the constant value 0 on
[B]2. Suppose toward a contradiction that there is a closed chain < aα : α < ω + 1 > in A such that F is identically 1 on
[{am : m < ω}]2. Pick d0, d1, . . . in D so that a0 ⊆ d0 ⊆ a1 ⊆ d1 ⊆ a2 ⊆ · · · . Then τ(d0, . . . , dn) ⊆ an+2 for every n < ω.
Hence (
⋃
n∈ω dn) ∪ (
⋃
n∈ω τ(d0, . . . , dn)) = aω. Contradiction ! 
Definition. For a cardinal ρ ≥ κ, Fn(ρ, 2, κ) = ∪{a2 : a ∈ Pκ(ρ)}. Fn(ρ, 2, κ) is ordered by : p ≤ q if and only if q ⊆ p.
Definition. cov (Mκ,λ<κ ) denotes the least cardinality of any collection X of dense subsets of Fn(λ<κ , 2, κ) such that for any
filter G ⊆ Fn(λ<κ , 2, κ), there is D ∈ X with D ∩ G = φ.
Lemma 6.3. (i) (Miller [27], Landver [11]) cov(Mκ,λ<κ ) ≥ κ+.
(ii) (Matet [16]) Suppose cov(Mκ,λ<κ ) > κ+. Then u(κ, µ) = µ<κ for every cardinal µ ≥ κ.
(iii) (Miller [27], Landver [11]) Suppose λ > κ and V |= 2<κ = κ. Then V P |= cov(Mκ,λ<κ ) > λ<κ , where P =
Fn((λ<κ)+, 2, κ).
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Definition. Given an ideal J on Pκ(λ), A ⊆ Pκ(λ) and F : Pκ(λ) × Pκ(λ) −→ 2, (J, A, F) is 0-nice if there is B ∈ J+ ∩ P(A)
such that
{b ∈ B : ∀a ∈ x (F(a, b) = 0)} ∈ J+
for every x ∈ Pκ(B) \ {φ}.
Note that if (J, A, F) is 0-nice, then so is (Iκ,λ, A, F).
Lemma 6.4 (Matet [16]). Suppose u(κ, λ) < cov(Mκ,λ<κ ) and (Iκ,λ,D, F) is 0-nice, where D ∈ Kκ,λ and F : Pκ(λ)×Pκ(λ) −→
2. Then there is Z ∈ I+κ,λ ∩ P(D) such that F is constantly 0 on [Z]2.
Lemma 6.5. Suppose Kκ,λ 6= φ and (Iκ,λ, A, F) is 0-nice, where A ∈ I+κ,λ and F : Pκ(λ) × Pκ(λ) −→ 2. Then there is
D ∈ Kκ,λ ∩ P(A) such that (Iκ,λ,D, F) is 0-nice.
Proof. Fix B ∈ Kκ,λ and let < bα : α < u(κ, λ) > be an enumeration of the elements of B without repetition. Pick
E ∈ I+κ,λ ∩ P(A) so that
{b ∈ E : ∀a ∈ x (F(a, b) = 0)} ∈ I+κ,λ
for every x ∈ Pκ(E) \ {φ}. Using induction, define dα ∈ {a ∈ E : bα ⊆ a} for α < u(κ, λ) so that F(dβ , dα) = 0 for every
β < α such that bβ ⊂ bα. Set D = {dα : α < u(κ, λ)}. Then clearly, D ∈ Kκ,λ ∩ P(A). Now fix w ∈ Pκ(u(κ, λ)) \ {φ} and
z ∈ Pκ(λ). Set ξ = ∪w. Then by Lemma 1.2 (ii), ξ < u(κ, λ). Hence there is y ∈ Pκ(λ) such that y \ bη 6= φ for every η ≤ ξ .
Select α < u(κ, λ) so that z ∪ y ∪ (⋃β∈w bβ) ⊆ bα. Then z ⊆ dα.Moreover
dα ∈ {e ∈ D : ∀β ∈ w(F(dβ , e) = 0)}
since for any β ∈ w, β ≤ ξ < α and bβ ⊆ bα. Thus (Iκ,λ,D, F) is 0-nice. 
Lemma 6.6. Suppose cof<ω1(Iκ,λ) = λ and (NGκ,λ, A, F) is not 0-nice, where A ∈ NG+κ,λ and F : Pκ(λ) × Pκ(λ) −→ 2. Let
f : Pκ(λ) −→ Pκ(λ). Then there is a closed f -chain C of length ω + 1 in A such that F is constantly 1 on [C]2.
Proof. By the proof of Proposition 4.6, there is y : λ −→ Pκ(λ) such that NGκ,λ = NSκ,λ|Uy. Pick h : Uy × ω −→ λ so that
for any a ∈ Uy, {h(a, n) : n ∈ ω} ⊆ a and a =⋃n∈ω y(h(a, n)). For B ∈ NG+κ,λ, letMB be the set of all Q ⊆ NG+κ,λ ∩ P(B) such
that (i) D∩ E = φ for any two distinct members of Q , and (ii) for any D ∈ NG+κ,λ ∩ P(B), there is E ∈ Q with D∩ E ∈ NG+κ,λ.
Claim. Let B ∈ NG+κ,λ ∩ P(A ∩ Uy) and n ∈ ω. Then one can find Q Bn ∈ MB and uBn : Q Bn −→ B so that for any S ∈ Q Bn , (a)
h(a, n) = h(b, n) for all a, b ∈ S, and (b) for each b ∈ S, uBn(S) ⊂ b, f (uBn(S)) ⊆ b and F(uBn(S), b) = 1.
To prove the claim, start by selecting x ∈ Pκ(B) \ {φ} so that
{b ∈ B : ∀a ∈ x(F(a, b) = 0} ∈ NGκ,λ.
Fix a bijection t : |x| −→ x. For i ∈ |x| and α ∈ λ, let Sαi be the set of all b ∈ B such that:
(i) t(i) ⊂ b ;
(ii) f (t(i)) ⊆ b ;
(iii) F(t(i), b) = 1 ;
(iv) F(t(j), b) = 0 for every j < i ;
(v) h(b, n) = α.
Now set Q Bn = NG+κ,λ ∩ {Sαi : i ∈ |x| and α ∈ λ} and define uBn : Q Bn −→ x by uBn(Sαi ) = t(i). It is simple to check that Q Bn
and uBn are as desired.
Set Y = A ∩ Uy. Using the claim, define inductively Qn ∈ MY and un : Qn −→ Y for n < ω by:
(a) Q0 = Q Y0 and u0 = uY0 ;
(b) Qn+1 =⋃S∈Qn Q Sn+1 and un+1 =⋃S∈Qn uSn+1.
Now
⋃
n∈ω(Y \ (∪Qn)) ∈ NGκ,λ, so we can find b ∈
⋂
n∈ω(∪Qn). Let q ∈
∏
n∈ω Qn be such that b ∈ q(n) for every
n ∈ ω. Then h(b, n) = h(un+1(q(n + 1)), n) for all n < ω, hence b = ⋃n∈ω un(q(n)). It should now be clear that
C = {un(q(n)) : n ∈ ω} ∪ {b} is as desired. 
Lemma 6.7. Let B ∈ NG+κ,λ and F : Pκ(λ)× Pκ(λ) −→ 2. Suppose (NGκ,λ<κ , A,G) is 0-nice, where A = {a ∈ Pκ(λ<κ) : a∩λ ∈
B} and G : Pκ(λ<κ)× Pκ(λ<κ) −→ 2 is defined by G(a, b) = F(a ∩ λ, b ∩ λ). Then (NGκ,λ, B, F) is 0-nice.
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Proof. Note that A ∈ NG+κ,λ<κ by Proposition 2.4. Select C ∈ NG+κ,λ<κ ∩ P(A) so that
{b ∈ C : ∀a ∈ x(G(a, b) = 0)} ∈ NG+κ,λ<κ
for every x ∈ Pκ(C) \ {φ}. Set D = {a ∩ λ : a ∈ C}. Then D ∈ NG+κ,λ by Proposition 2.4. Moreover, D ⊆ B. Now fix
y ∈ Pκ(D) \ {φ}. Pick f : y −→ C so that d = f (d) ∩ λ for every d ∈ y. Set
X = {b ∈ C : ∀a ∈ ran(f )(G(a, b) = 0)}
and E = {b ∩ λ : b ∈ X}. Then, again by Proposition 2.4, E ∈ NG+κ,λ. Moreover, E ⊆ D. Given e ∈ E, there is b ∈ X with
e = b ∩ λ. Then for every d ∈ y, F(d, e) = G(f (d), b) = 0. 
Proposition 6.8. SupposeKκ,λ 6= φ and u(κ, λ) < cov(Mκ,λ<κ ). Then NG+κ,λ −→ (I+κ,λ, ω ⊕ 1)2.
Proof. If cof<ω1(Iκ,λ) = λ, the result is immediate from Lemmas 6.4–6.6. Now assume otherwise. Fix B ∈ NG+κ,λ and
F : Pκ(λ) × Pκ(λ) −→ 2. Set A = {a ∈ Pκ(λ<κ) : a ∩ λ ∈ B} and define G : Pκ(λ<κ) × Pκ(λ<κ) −→ 2 by
G(a, b) = F(a ∩ λ, b ∩ λ). If (NGκ,λ<κ , A,G) is 0-nice, then by Lemma 6.7, so is (NGκ,λ, B, F) and hence by Lemmas 6.4 and
6.5, F is constantly 0 on [Z]2 for some Z ∈ I+κ,λ ∩ P(B). Otherwise, pick f : Pκ(λ<κ) −→ Pκ(λ<κ) so that (f (a) ∩ λ) \ a 6= φ
for every a ∈ Pκ(λ<κ). Since cof<ω1(Iκ,λ<κ ) = (λ<κ)<κ = λ<κ , there is by Lemma 6.6 a closed f -chain C of length ω + 1 in
A such that G takes the constant value 1 on [C]2. Then C ′ = {a∩ λ : a ∈ C} is a closed chain of length ω+ 1 in B.Moreover,
F is identically 1 on [C ′]2. 
Question. Assuming λ > κ, is it consistent that NG+κ,λ −→ (I+κ,λ, ω ⊕ 1)2?
7. Splitting an arbitrary member of NG+κ,λ
This section is concerned with the following question: what is the least cardinal θ for which one can find A in NG+κ,λ such
that NGκ,λ|A is weakly θ-saturated?
Lemma 7.1. (i) (Matet [19]) Suppose κ is a successor cardinal, and let X ⊆ Pκ(λ) be such that |X∩P(b)| < κ for all b ∈ Pκ(λ).
Then no κ-complete ideal on Pκ(λ) is weakly |X |-saturated.
(ii) (Matet [21]) Suppose κ is a limit cardinal. Let J be a κ-normal ideal on Pκ(λ), and X ⊆ Pκ(λ) be such that |X | > κ and
{b ∈ Pκ(λ) : |X ∩ P(b)| ≤ |b ∩ κ|} ∈ J+.
Then J is not weakly |X |-saturated.
Proposition 7.2. NGκ,λ is nowhere weakly λ-saturated.
Proof. Use Lemma 1.1 and Proposition 4.7 if λ = κ, and Proposition 2.2 and Lemma 7.1 otherwise. 
Let us next address the question of whether NGκ,λ is nowhere weakly λ+-saturated in case cf (λ) < κ. Our first
observation is that a negative answer would require the existence of inner models with fairly large cardinals. In fact, the
question can be answered positively if there exists a good scale for λ (see [4] for a discussion of this notion).
Proposition 7.3 (Matet [21]). Let A ⊆ λ be an infinite set of regular cardinals with |A| < min(κ,min(A)), I be an ideal on A,
and µ > λ be a regular cardinal. Further let Ef = < fξ : ξ < µ > be an <I-increasing sequence of functions in Aλ, and C be a
closed unbounded subset of µ.
(i) Suppose κ is a successor cardinal, and ρ is the largest limit cardinal less than κ. Suppose further that there is a regular
cardinal pi withmax(ρ, |A|) < pi ≤ κ such that every δ ∈ C with cf (δ) = pi is a good point of Ef . Then there is X ⊆ Pκ(λ)
with |X | = µ such that |X ∩ P(b)| < κ for all b ∈ Pκ(λ) (and hence each κ-complete ideal on Pκ(λ) is nowhere weakly
µ-saturated).
(ii) Suppose κ is a limit cardinal and for any cardinal τ with |A| ≤ τ < κ, and any δ ∈ C with cf (δ) = τ+, δ is a good point of
Ef . Then there is X ⊆ Pκ(λ) with |X | = µ such that |X ∩ P(b)| ≤ |b| for every b ∈ Pκ(λ) (and hence each κ-normal ideal J
on Pκ(λ) with {b ∈ Pκ(λ) : |b| = |b ∩ κ|} ∈ J∗ is nowhere weakly µ-saturated).
There are also ‘‘ZFC-results" such as this one:
Proposition 7.4 (Matet [21]). Suppose that κ is a successor cardinal, and one of the following conditions is satisfied, where ρ
denotes the largest limit cardinal less than κ:
(a) cf (λ) < cf (ρ).
(b) cf (ρ) ≤ cf (λ) < ρ andmin(ρ+3, pp(ρ)) < κ.
(c) ρ ≤ cf (λ) andmin((cf (λ))+3, 2cf (λ)) < κ.
(d) cf (ρ) < cf (λ) < ρ.
Let µ be a cardinal with λ < µ ≤ ppΓ ((cf (λ))+,θ)(λ) that is not weakly inaccessible, where θ equals cf (λ) if cf (ρ) < cf (λ) < ρ,
and ω otherwise. Then there exists X ⊆ Pκ(λ) with |X | = µ such that |X ∩ P(b)| < κ for all b ∈ Pκ(λ) (and hence each
κ-complete ideal on Pκ(λ) is nowhere weakly µ-saturated).
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Lemma 7.1 is not the only tool at our disposal.Wewill see that the following is consistent (relative to a large cardinal): ‘‘κ
is a successor cardinal+ cf (λ) < κ + there is no X ⊆ Pκ(λ)with |X | = λ+ such that |X∩P(b)| < κ for all b ∈ Pκ(λ)+NGκ,λ
is nowhere weakly λ+-saturated".
Lemma 7.5 (Matet [21]). Let j : V → M be an elementary embedding with critical point τ . Set κ = τ+(ω+1) and λ = (j(τ ))+ω.
Suppose λ
+
M ⊆ M and GCH holds in V . Then in V , there is no X ⊆ Pκ(λ) with |X | = λ+ such that |X ∩ P(b)| < κ for any
b ∈ Pκ(λ).
Lemma 7.6 (Matet–Péan–Shelah [22]). Suppose that J is an ideal on Pκ(λ) such that cof(J) ≤ χ,whereχ = min{|C | : C ∈ J∗}.
Then J is not weakly χ-saturated.
Proposition 7.7. Suppose that cf (λ) = ω and
cof<ω1(Iκ,ρ) · cof(NSκ,ρ) ≤ λ
for any cardinal ρ with κ ≤ ρ < λ. Then for each A ∈ NG+κ,λ,NGκ,λ | A is not weakly χ-saturated, where χ = min{|A ∩ B| :
B ∈ NG∗κ,λ}.
Proof. By Proposition 4.10 and Lemma 7.6. 
Thus if κ and λ are as in the statement of Proposition 7.7, NGκ,λ is nowhere weakly λ+-saturated.
Lemma 7.8 (Matet [21]). Suppose κ is a limit cardinal and ω < cf (λ) < κ. Let µ ≤ ppΓ ((cf (λ))+,ω1)(λ) be a cardinal that is
not weakly inaccessible, and D be the set of all b ∈ Pκ(λ) such that |b| is a limit cardinal with |b| > (cf (λ))++ and cf (|b|) = ω.
Then there is X ⊆ Pκ(λ) with |X | = µ such that {b ∈ D : |X ∩ P(b)| > |b|} ∈ NSκ,λ.
Proposition 7.9. Suppose κ is a limit cardinal andω < cf (λ) < κ. Then NGκ,λ is nowhereweaklyµ-saturated for every cardinal
µ ≤ ppΓ ((cf (λ))+,ω1)(λ) that is not weakly inaccessible.
Proof. By Propositions 2.1–2.3, the set of all b ∈ Pκ(λ) such that |b| is a limit cardinal of cofinalityω lies in NG∗κ,λ. The result
now follows from Lemmas 7.1 and 7.8. 
Corollary 7.10. Suppose κ is a limit cardinal and ω < cf (λ) < κ. Then NGκ,λ is nowhere weakly λ+-saturated.
Proof. By Lemma 1.6 and Proposition 7.9. 
Question. Is it consistent (with respect to some large cardinal) that for λ = κ+ω there exists a member of NG+κ,λ that cannot
be split into λ+ members of NG+κ,λ?
Let us end the section with an example. Suppose that for any infinite cardinal ρ, 2ρ equals ρ+ if ρ is a successor cardinal,
and ρ++ otherwise (this has been shown consistent relative to a P3(µ)-hypermeasurable by Cummings [3]). Suppose
further that κ and λ are both limit cardinals, and κ < λ. If κ ≤ cf (λ), then (a) λ<κ = λ, (b) NGκ,λ = NSκ,λ|A for
some A by Proposition 4.6, and (c) NGκ,λ is nowhere weakly λ<κ -saturated by Proposition 7.2. If cf (λ) = ω, then (a)
λ<κ = u(κ, λ) = λ++ = λℵ0 , (b) NGκ,λ = Iκ,λ|A for some A by Proposition 4.10, and (c) NGκ,λ is nowhere weakly λ<κ -
saturated by Proposition 7.7. Finally, if ω < cf (λ) < κ, then (a) λ<κ = cof<ω1(Iκ,λ) = λ++ > λℵ0 , (b) NGκ,λ 6= NSκ,λ|A for
all A by Lemma 1.7 and Proposition 4.11, and (c) NGκ,λ is nowhere weakly λ<κ -saturated by Lemma 1.7 and Proposition 7.9.
8. Splitting Pκ(λ)
Definition. TheMagidor functionM(κ, λ) is defined byM(κ, λ) = θ ·λℵ0 ,where θ equals λ if cf (λ) ≥ κ, and λ+ otherwise.
Assuming λ > κ, it is known (Baumgartner–Taylor [2] and Donder–Matet [5] for the case κ = ω1, Foreman–Magidor [7]
and Shioya [32] for the case κ > ω1) that Pκ(λ) is the disjoint union ofM(κ, λ) stationary sets. The result is clearly optimal
in the case κ = ω1. For κ > ω1, it is still optimal in the sense that Magidor [13] established that if there is no ω1-Erdös
cardinal in the coremodel K , thenM(κ, λ) is the least size of any closed unbounded subset of Pκ(λ). In this sectionwe show
that Pκ(λ) is the disjoint union ofM(κ, λ)members of NG+κ,λ.
Lemma 8.1 (Foreman–Magidor [7]). Suppose κ = ω1. Let K be a countable nonempty set of regular cardinals with K ⊆ {θ :
κ ≤ θ ≤ λ}, and let Sθ ∈ NS+θ ∩ P(Eθω) for θ ∈ K . Then
{a ∈ Pκ(λ) : ∀θ ∈ K(∪(a ∩ θ) ∈ Sθ )} ∈ NS+κ,λ.
Lemma 8.1 generalizes as follows.
Proposition 8.2. Let K be a countable nonempty set of regular cardinals with K ⊆ {θ : κ ≤ θ ≤ λ}, and let Sθ ∈ NS+θ ∩ P(Eθω)
for θ ∈ K . Then
{a ∈ Pκ(λ) : ∀θ ∈ K(∪(a ∩ θ) ∈ Sθ )} ∈ NG+κ,λ.
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Proof. Set µ = λ<κ , and let y and y be as in the statement of Proposition 3.5. Let C be the set of all infinite x in Pω1(λ<κ)
such that for any θ ∈ K and any γ ∈ x, there is δ ∈ x ∩ θ with ∪(y(γ ) ∩ θ) < δ. Then C is a closed unbounded subset of
Pω1(λ
<κ). Note that ∪(x ∩ θ) = ∪(y(x) ∩ θ) for every x ∈ C and every θ ∈ K . By Lemma 8.1, the set
A = {x ∈ C : ∀θ ∈ K(∪(x ∩ θ) ∈ Sθ )}
lies in NS+ω1,λ<κ . Then B = y′′A lies in NG+κ,λ. It is immediate that ∪(a ∩ θ) ∈ Sθ for every a ∈ B and every θ ∈ K . 
Definition. Suppose λ is regular. We let Tλ denote the set of all nonempty subsets T of
⋃
n<ω
nλ such that for any n ∈ ω
and t ∈ T ∩ nλ, (a) {t  p : p < n} ⊆ T , and (b) {α ∈ λ : t ∪ {(n, α)} ∈ T } ∈ NS+λ .
Combinatorial properties of Tλ have been studied by Namba [28,29]). We will need the following.
Lemma 8.3 (Shioya [32]). Suppose λ is regular and λ > ω1. Let T ∈ Tλ be such that for any t ∈ T \ {φ}, t(0) is a limit ordinal
of uncountable cofinality. Further let g : T \ {φ} −→ λ be such that for any t ∈ T \ {φ},(a) g(t) ∈ t(0), and (b) g(t ′) ≤ g(t)
for every t ′ ⊆ t. Then there is T ′ ∈ Tλ ∩ P(T ) such that |ran(g  (T ′ \ {φ}))| < λ.
Lemma 8.4 (Shelah (see [32])). Suppose λ is regular and λ > ω1. Let S be a stationary subset of Eλω. Then one can find cγ for
γ ∈ S so that (a) for each γ ∈ S, cγ is a cofinal subset of γ of order type ω, and (b) for any C ∈ NS∗λ, {γ ∈ S : cγ ⊆ C} ∈ NS+λ .
Proposition 8.5. Suppose λ is regular and λ > κ. Let Sn ∈ NS+λ for n < ω with Sn ⊆ {α : cf (α) ≥ κ}. Further let
< cγ : γ ∈ Eλω > be as in the statement of Lemma 8.4, and for each γ ∈ Eλω, let cγ = {γn : n < ω}, where γ0 < γ1 < · · · .
Then X ∈ NG+κ,λ, where X is the set of all a ∈ Pκ(λ) such that (a) γ = ∪a lies in Eλω, and (b) for each n < ω,∩(a \ γn) ∈ Sn.
Proof. Fix A ∈ NG∗κ,λ. Select a winning strategy τ for II in Gκ,λ(A). Set T0 =
⋃
n<ω(
∏
i<n Si). For 0 < m < ω and z ∈ T0∩mλ,
we define two functions ez and fz fromm to Pκ(λ) as follows:
(i) ez(0) = {z(0)};
(ii) for j < m, fz(j) = τ(ez(0), . . . , ez(j));
(iii) for 0 < ` < m, ez(`) = fz(`− 1) ∪ {z(`)}.
For T ∈ Tλ and t ∈ T , let T t = {y ∈ T : t ⊂ y}. For t ∈ T0, define gt : T t0 −→ λ by
gt(y) = ∪(fy((dom(y))− 1) ∩ y(dom(t))).
Note that gt(y) < y(dom(t)).Moreover, gt(y′) ≤ gt(y) for any y′ ∈ T t0 with y′ ⊆ y. Using Lemma 8.3, construct inductively
Tn+1 and hn+1 for n < ω so that (α) Tn+1 ∈ Tλ ∩ P(Tn) and Tn+1 ∩ nλ = Tn ∩ nλ, and (β) hn+1 : Tn+1 ∩ nλ −→ λ and
gt(y) ≤ hn+1(t) for every t ∈ Tn ∩ nλ and every y ∈ T tn+1. Set T =
⋂
n<ω Tn and h =
⋃
n<ω hn+1. Let C be the set of all γ < λ
such that for any t ∈ T with ran(t) ⊆ γ , (i) h(t) < γ , (ii) the set {α < γ : t ∪ {(dom(t), α)} ∈ T } is cofinal in γ , and (iii)
ft(dom(t) − 1) ⊆ γ if dom(t) > 0. Since C is a closed unbounded subset of λ, there is γ ∈ Eλω with cγ ⊆ C . Now select
k : ω −→ γ so that {k  j : j < ω} ⊆ T and γ0 < k(0) < γ1 < k(1) < · · · . Let aj = fk(j+1)(j) for j < ω, and a = ⋃j<ω aj.
Then a ∈ A. Moreover ∪a = γ since for any j < ω, k(j) ∈ aj and aj ⊆ γj+1. Finally, given n ∈ ω, we have a ∩ k(n) ⊆ γn
since ∪(aj ∩ k(n)) < γn for every j ≥ n, and therefore ∩(a \ γn) = k(n). Hence a ∈ X . 
Proposition 8.6. Assume λ > κ. Then Pκ(λ) can be partitioned into M(κ, λ)members of NG+κ,λ.
Proof. Case cf (λ) = ω: Select a strictly increasing sequence < λn : n < ω > of regular cardinals greater than or equal to
κ with limit λ. For each n < ω, there is by Lemma 1.1 a partition {Snα : α < λn} of Eλnω into λn disjoint stationary subsets.
Then by Proposition 8.2,
Af = {a ∈ Pκ(λ) : ∀n < ω(∪(a ∩ λn) ∈ Snf (n))}
lies in NG+κ,λ for every f ∈
∏
n<ω λn.
Case cf (λ) = λ: Use Lemma 1.1 to find a partition {Sα : α < λ} of Eλκ into λ disjoint stationary sets. For f ∈ ωλ, let
Xf be the set of all a ∈ Pκ(λ) such that (a) γ = ∪a lies in Eλω and (b) ∩(a \ γn) ∈ Sf (n) for all n < ω, where the sequence
< γn : n < ω > is as in the statement of Proposition 8.5. Then by Proposition 8.5, Xf ∈ NG+κ,λ for every f ∈ ωλ.
Case ω < cf (λ) < λ: If µℵ0 ≤ λ for every cardinal µ < λ, then λℵ0 = λ and the result follows from Proposition 7.2 (i),
Lemma 1.1 and Proposition 4.11. Now suppose otherwise and let ρ be the least cardinal greater than κ such that ρℵ0 > λ.
Then ρℵ0 = M(κ, λ).Moreover, either cf (ρ) = ω or cf (ρ) = ρ.Hence by the first two parts of the proof, there is a partition
{Bξ : ξ < ρℵ0} of Pκ(ρ) into ρℵ0 disjoint members of NG+κ,ρ . For ξ < ρℵ0 , set Dξ = {a ∈ Pκ(λ) : a ∩ ρ ∈ Bξ }. Then
Dξ ∈ NG+κ,λ by Proposition 2.4. Clearly, Dξ ′ ∩ Dξ = φ for ξ ′ 6= ξ . 
Corollary 8.7. Suppose κ < λ and cof<ω1(Iκ,λ) ≤ M(κ, λ). Thenmin{|A| : A ∈ NG∗κ,λ} = M(κ, λ).
Proof. By Proposition 8.6, M(κ, λ) ≤ |B| for every B ∈ NG∗κ,λ. Furthermore by Corollary 3.7, there is A ∈ NG∗κ,λ such that
|A| ≤ (λℵ0)ℵ0 = λℵ0 ifM(κ, λ) = λℵ0 , and |A| ≤ (λ+)ℵ0 = λ+ otherwise. 
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9. Saturation
In this section we present some results concerning the least cardinal θ such that NGκ,λ is θ-saturated.
Lemma 9.1 (Gitik–Shelah [9]). Suppose κ > ω1. Then NSκ |Eκω is not κ+-saturated.
Proposition 9.2. Suppose λ is regular and λ > ω1. Then NGκ,λ is not λ+-saturated.
Proof. By Lemma 9.1, one can find Sγ ∈ NS+λ ∩ P(Eλω) for γ < λ+ so that Sγ ∩ Sγ ′ ∈ NSλ for any two distinct elements γ , γ ′
of λ+. For γ < λ+, set Aγ = {a ∈ Pκ(λ) : ∪a ∈ Sγ }. Then by Lemma 1.5 and Proposition 8.2 Aγ , γ < λ+, are members of
NG+κ,λ with Aγ ∩ Aγ ′ nonstationary if γ 6= γ ′. 
Proposition 9.3. Suppose ω < cf (λ) < κ. Then NGκ,λ is not λ++-saturated.
Proof. By Corollary 4.12 and Lemma 9.1. 
Lemma 9.4 (Folklore). Let A ∈ I+κ,λ. Then Iκ,λ|A is not (u(κ, λ))+-saturated.
Proof. Setting θ = u(κ, λ), pick B ∈ I+κ,λ ∩ P(A) with |B| = θ, and let B = {bi : i < θ}. By Lemma 7.6, one can find
Bi ∈ I+κ,λ ∩ P({a ∈ Pκ(λ) : bi ⊆ a}) for i < θ so that Bi ∩ Bj = φ whenever i 6= j. For i < θ, select a bijection gi : θ → Bi. Pick
fα : θ → θ for α < θ+ so that |{j < θ : fα(j) = fβ(j)}| < θ whenever β < α < θ+. For α < θ+, set Aα = {gi(fα(i)) : i < θ}.
Then Aα ∈ I+κ,λ ∩ P(A).Moreover, Aα ∩ Aβ ∈ Iκ,λ for all β < α. 
Proposition 9.5. Suppose that cf (λ) = ω and
cof<ω1(Iκ,µ) · cof(NSκ,µ) ≤ λ
for any cardinal µ with κ ≤ µ < λ. Then NGκ,λ is nowhere (u(κ, λ))+-saturated.
Proof. By Proposition 4.10 and Lemma 9.4. 
Question. Is it consistent that for λ = κ+ω,NGκ,λ is λ++-saturated?
Lemma 9.6 (Foreman–Magidor [7]). Suppose that cf (λ) ≥ κ and κ is the successor of a cardinal of uncountable cofinality. Let
J be a normal ideal on Pκ(λ) such that {a ∈ Pκ(λ) : cf (∪(a ∩ κ)) = cf (∪a) = ω} ∈ J∗. Then J is not λ+-saturated.
Proposition 9.7. Let κ and λ be as in the statement of Lemma 9.6. Then NGκ,λ is nowhere λ+-saturated.
Proof. By Proposition 2.3 and Lemma 9.6. 
Lemma 9.8 (Matsubara–Shelah [24]). Suppose λ is a singular strong limit cardinal of cofinality at least κ. Then NSκ,λ is nowhere
λ+-saturated.
Proposition 9.9. Let κ and λ be as in the statement of Lemma 9.8. Then NGκ,λ is nowhere λ+-saturated.
Proof. By Proposition 4.6 and Lemma 9.8. 
Question. Suppose that κ ≤ cf (λ) < λ = λℵ0 < 2<κ and κ is not the successor of a cardinal of uncountable cofinality. Is it
then the case that NGκ,λ is not λ+-saturated?
10. Diamond
The main result of this section asserts that if 2<κ ≤ µℵ0 for some regular cardinal µ such that κ < µ ≤ λ, then
♦κ,λ[NGκ,λ] holds. Let us first recall the definition of ♦κ,λ[J] and derive some of its consequences.
Definition. Given an ideal J on Pκ(λ),♦κ,λ[J] asserts the existence of a sequence< sa : a ∈ Pκ(λ) > with sa ⊆ a such that
for any A ⊆ λ, {a ∈ Pκ(λ) : sa = A ∩ a} ∈ J+.
Thus ♦κ,λ[NSκ,λ] is the usual diamond principle ♦κ,λ.
The following is an improved version of a result of Jensen and the author [14].
Proposition 10.1. Let J be a normal ideal on Pκ(λ) such that ♦κ,λ[J] holds. Then one can find a partition Qδ of Pκ(λ) into λ<κ
many pieces for each δ < 2λ so that for any k ∈ ∏δ<2λ Qδ, there is a normal ideal Kk such that J∗ ∪ ran(k) ⊆ K ∗k and ♦κ,λ[Kk]
holds.
Proof. Claim 1. There exists ϕ : 2λ × Pκ(λ)→ Pκ(λ) such that
{a ∈ Pκ(λ) : ∀α ∈ a(ϕ(H(α), a) = G(α)} ∈ J+
for every G : λ→ Pκ(λ) and every one-to-one H : λ→ 2λ.
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Proof of Claim 1. Fix a sequence < sa : a ∈ Pκ(λ) > with sa ⊆ a such that {a : sa = A ∩ a} ∈ J+ for every A ⊆ λ. Select
bijections v : λ→ λ×λ× 2×λ and q : 2λ → λ2. For a ∈ Pκ(λ), pick ja : a2→ P(a)with the following property: Suppose
v′′sa = {(α, β, γ , δ) ∈ a× a× 2× a : (i(α))(β) = γ and δ ∈ g(α)}
for some g : a→ P(a) and one-to-one i : a→ a2. Then ja(i(α)) = g(α) for everyα ∈ a.Nowdefineϕ : 2λ×Pκ(λ)→ Pκ(λ)
by ϕ(ξ, a) = ja(q(ξ)  a). To prove that ϕ is as desired, fix G : λ → Pκ(λ) and a one-to-one H : λ → 2λ. Let Z be the set
of all (α, β, γ , δ) ∈ λ× λ× 2× λ such that γ = ((q ◦ H)(α))(β) and δ ∈ G(α). Let D be the set of all a ∈ Pκ(λ) such that
(a) ω ⊆ a, (b) v′′a = a × a × 2 × a, (c) G(α) ⊆ a for every α ∈ a, and (d) (q ◦ H)(α)  a 6= (q ◦ H)(β)  a for any two
distinct elements α, β of a. Set T = {a ∈ D : sa = a ∩ v−1(Z)}. Then T ∈ J+ since D is a closed unbounded subset of Pκ(λ).
Moreover v′′sa = (a× a× 2× a) ∩ Z for every a ∈ T . It easily follows that ϕ(H(α), a) = G(α) whenever α ∈ a ∈ T . This
completes the proof of Claim 1.
For ξ < 2λ and d ∈ Pκ(λ), set X ξd = {a ∈ Pκ(λ) : ϕ(ξ, a) = d}. Then by Claim 1, 1
β<λ
XH(α)G(α) ∈ J+ for every G : λ→ Pκ(λ)
and every one-to-one H : λ→ 2λ.
For h : 2λ \ λ→ Pκ(λ), let Kh be the set of all A ⊆ Pκ(λ) such that
A ∩ (B ∩ 1
α<λ
X f (α)h(f (α))) = φ
for some B ∈ J∗ and one-to-one f : λ→ 2λ \ λ.
Claim 2. Let h : 2λ \ λ→ Pκ(λ). Then Kh is a normal ideal on Pκ(λ) extending J.
Proof of Claim 2. Clearly Pκ(λ) /∈ Kh and J ⊆ Kh. Moreover, P(A) ⊆ Kh for every A ∈ Kh. Now let Aβ ∈ Kh for β < λ. For
each β, select Bβ ∈ J∗ and a one-to-one fβ : λ→ 2λ \ λ so that
Aβ ∩ (Bβ ∩ 1
α<λ
X
fβ (α)
h(fβ (α))
) = φ.
Also select a one-to-one k : λ → 2λ \ λ so that ran(k) = ⋃β<λ ran(fβ). Let C be the set of all a ∈ Pκ(λ) such that for any
(α, β) ∈ a× a, there is γ ∈ awith k(γ ) = fβ(α). Note that C is a closed unbounded subset of Pκ(λ). Since(
C ∩ 1
β<λ
Bβ
)
∩ 1
α<λ
Xk(γ )h(k(γ )) ⊆ 1
β<λ
(
Pκ(λ) \ Aβ
)
,
Pκ(λ) \ 1
β<λ
(Pκ(λ) \ Aβ) ∈ Kh. It is now easy to check that Kh is a normal ideal on Pκ(λ). This completes the proof of Claim 2.
Note that {X ξh(ξ) : ξ < 2λ} ⊆ K ∗h for every h : 2λ \ λ→ Pκ(λ).
Claim 3. ♦κ,λ[Kh] holds for every h : 2λ \ λ→ Pκ(λ).
Proof of Claim 3. For a ∈ Pκ(λ), set za = {γ ∈ a : a ∈ Xγφ }. Pick u ∈ Pκ(λ) \ {φ}. Fix W ⊆ λ, and put
T = {a ∈ Pκ(λ) : za = W ∩ a}. Now let h : 2λ \ λ → Pκ(λ), B ∈ J∗ and a one-to-one f : λ → 2λ \ λ be given. Select a
one-to-one ` : λ→ 2λ so that ran(`) = λ ∪ ran(f ). Let S be the set of all a ∈ Pκ(λ) such that a ∪ ran(f  a) ⊆ ran(`  a).
Note that S is a closed unbounded subset of Pκ(λ). Define t : λ→ Pκ(λ) by
t(α) =
{
φ if `(α) ∈ W
u if `(α) ∈ λ \W
h(`(α)) if `(α) /∈ λ.
Now set R = (S ∩ B) ∩ 1
α<λ
X`(α)t(α) . Then clearly R ∈ J+.Moreover, R ⊆ T ∩ (B ∩ 1
β<λ
X f (β)h(f (β))). It follows that T ∈ K+h . This
completes the proof of Claim 3.
It is now simple to see that the conclusion of the proposition holds. 
Corollary 10.2. Let J be a normal ideal on Pκ(λ) such that ♦κ,λ[J] holds. Then one can find (a) Aα ∈ J+ for α < λ<κ so that
♦κ,λ[J|Aα] holds and Aα ∩ Aα′ = φ for all α′ 6= α, and (b) Bβ ∈ J+ for β < 2λ so that ♦κ,λ[J|Bβ ] holds and Bβ ∩ Bβ ′ ∈ Iκ,λ for
all β ′ 6= β.
The proof of the following uses the same ideas as that of Proposition 8.5.
Lemma 10.3. Let µ be a regular cardinal such that κ < µ ≤ λ and 2<κ ≤ µℵ0 , and S be a stationary subset of Eµω . Then
♦κ,λ[NGκ,λ|Y ] holds, where Y = {a ∈ Pκ(λ) : ∪(a ∩ µ) ∈ S}.
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Proof. Using Lemma 8.4, select an increasing function γ from ω to γ for each γ ∈ S so that ran(γ ) is cofinal in γ for all
γ ∈ S, and {γ ∈ S : ran(γ ) ⊆ C} is stationary in µ for any closed unbounded subset C of µ.
For n < ω, pick a one-to-one function
ϕn :
⋃
ζ<κ
ζ2→ (ω\n)µ.
By Lemma1.1, Eµκ can be partitioned into disjoint stationary setsMn, n < ω.By the same lemma, eachMn can be decomposed
into disjoint stationary subsetsMn(z), z ∈∏j≤n (j+1)µ.
For b ⊆ λ, let e(b) : o.t.(b)→ b be the function that enumerates the elements of b in increasing order. For a, b ∈ Pκ(λ)
with a ⊆ b, let χ(a, b) : o.t.(b)→ 2 be defined by (χ(a, b))(δ) = 1 just in case (e(b))(δ) ∈ a.
Tomotivate the definition of the diamond sequence< sa : a ∈ Pκ(λ) >, let us explain how the proof will proceed. Given
A ∈ NG∗κ,λ and X ⊆ λ,we will construct an and zn for n < ω, and f in and g in for i ≤ n < ω so that:
(a) a0, a1, . . . ∈ Pκ(λ) and a0 ⊆ a1 ⊆ · · ·
(b) f in = χ(ai, an) for i < n, and f nn = χ(X ∩ an, an).
(c) g in = ϕn(f in).
(d) zn ∈∏j≤n (j+1)µ and (zn(j))(i) = g ij (n) for i ≤ j ≤ n.
(e) Setting a =⋃n<ω an and γ = ∪(a ∩ µ), a ∈ A, γ ∈ S and for any n < ω,∩(a \ γ (n)) ∈ Mn(zn).
Now define the sequence < sa : a ∈ Pκ(λ) > as follows. Suppose that a ∈ Pκ(λ), γ ∈ S and < zn : n < ω > are such
that γ = ∪(a ∩ µ) and for any n < ω, zn ∈ ∏j≤n (j+1)µ and ∩(a \ γ (n)) ∈ Mn(zn). For i ≤ j < ω, define g ij : ω \ j → µ
by g ij (n) = (zn(j))(i), and let g ij = ϕj(f ij ). Set ξ = o.t.(a). By induction on θ, define aθn ∈ Pκ(λ) for θ < ξ and n < ω
as follows. Set a0n = φ for all n < ω. Now suppose θ > 0 and aζn has been defined for all ζ < θ and n < ω. If θ is
limit ordinal, set aθn =
⋃
ζ<θ a
ζ
n for all n < ω. If θ is the successor of some ordinal η, look for a j < ω such that (α) for
j < n < ω, o.t.(aηn) ∈ dom(f jn) and f jn(o.t.(aηn)) = 1, and (β) for ` < j ≤ n < ω, o.t.(aηn) ∈ dom(f `n ) and f `n (o.t.(aηn)) = 0. If
there is no such j, put aθn = aηn for all n < ω. If there is one, it is unique. Set aθn = aηn for n < j, and aθn = aηn ∪ {(e(a))(η)} for
j ≤ n < ω. Finally, letting an =⋃θ<ξ aθn for each n < ω, set sa =⋃n<ω sn,where
sn = {(e(an))(η) : η ∈ dom(f nn ) ∩ o.t.(an) and f nn (η) = 1}.
Now fix A ∈ NG∗κ,λ and X ⊆ λ. Pick a winning strategy τ for player II in Gκ,λ(A). Define k :
⋃
n<ω
nλ→ Pκ(λ) as follows. Set
k(φ) = φ, and k(t) = τ({t(0)}) for every t : 1→ λ. Given 0 < n < ω and t : n+ 1→ λ, define bi and di for i ≤ n by:
(0) b0 = {t(0)}.
(1) di = τ(b0, . . . , bi) for every i ≤ n.
(2) bi+1 = di ∪ {t(i+ 1)} for every i < n.
Then set k(t) = dn.
For n < ω, let Rn be the set of all functions from n to Eµκ . Inductively define Hn ⊆ Rn for n < ω as follows. Set H0 = R0
and H1 = R1. Suppose that n < ω and Hn+1 has been defined. Given t ∈ Rn+2, set
F ij = χ(k(t  (i+ 1)), k(t  (j+ 1)))
for i < j ≤ n,
F jj = χ(X ∩ k(t  (j+ 1)), k(t  (j+ 1)))
for j ≤ n, and Gij = ϕj(F ij ) for i ≤ j ≤ n. Define z ∈
∏
j≤n (j+1)µ by (z(j))(i) = Gij(n) for i ≤ j ≤ n. Now let t ∈ Hn+2 just in
case t  (n+ 1) ∈ Hn+1 and t(n+ 1) ∈ Mn(z).
Put T0 = ⋃n<ω Hn. For 0 < r < ω, define qr : ⋃r<m<ω Hm → µ by qr(t) = ∪(k(t) ∩ t(r)). By Lemma 8.3, one can find
Tr ∈ Tµ and ψr : Tr ∩ Hr → µ for 0 < r < ω so that Tr ⊆ Tr−1, Tr ∩ Hr = Tr−1 ∩ Hr , and qr(t) ≤ ψr(t  r) for every
t ∈ Tr ∩ (⋃r<m<ω Hm). Set T =⋂r<ω Tr .
Let C be the set of all limit ordinals γ such that κ < γ < µ and for every r < ω and every t ∈ T ∩ Hr with ran(t) ⊆ γ ,
(i) µ ∩ k(t) ⊆ γ , (ii) {α < γ : t ∪ {(r, α)} ∈ T } is cofinal in γ , and (iii) ψr(t) < γ in case r 6= 0. Since C is a closed
unbounded subset of µ, there is γ in S with ran(γ ) ⊆ C . Now select h : ω → µ so that {h  n : n < ω} ⊆ T and
h(0) < γ (0) < h(1) < γ (1) < · · · . Set an = k(h  (n + 1)) for n < ω and a = ⋃n<ω an. Then clearly a ∈ A. Moreover∪(a ∩ µ) = γ since ran(h) ⊆ a and µ ∩ an ⊆ γ (n) for all n < ω. For n < m < ω,
∪(am ∩ h(n+ 1)) = qn+1(h  (m+ 1)) ≤ ψn+1(h  (n+ 1)) < γ (n).
Hence for any n < ω,∪(a ∩ h(n + 1)) ≤ γ (n) and γ (n) /∈ a, so ∩(a \ γ (n)) = h(n + 1). Define f jn for j ≤ n < ω by
f jn = χ(aj, an) if j < n, and f nn = χ(X ∩ an, an). Also define g in : ω \ n→ µ for i ≤ n < ω and zn ∈
∏
j≤n (j+1)µ for n < ω by
g in = ϕn(f in) and (zn(j))(i) = g ij (n). Then h(n+ 1) ∈ Mn(zn) for every n < ω. It is readily checked that
sa =
⋃
n<ω
{(e(an))(η) : η ∈ o.t.(an) and f nn (η) = 1} =
⋃
n<ω
(X ∩ an) = X ∩ a. 
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Lemma 10.3 is one of the results used in [20] to show that if κ < λ and 2<κ ≤ M(κ, λ), then ♦κ,λ[NGκ,λ] holds. Note that
if cof<ω1(Iκ,λ) ≤ M(κ, λ) and ♦κ,λ[NGκ,λ] holds, then by Corollaries 8.7 and 10.2, 2<κ ≤ M(κ, λ)(= λ<κ).
Lemma 10.3 can be strengthened a little bit. The proof of the following uses an argument of Foreman and Magidor [7]
(see also [32,18]). The details are omitted.
Lemma 10.4. Suppose 2<κ ≤ µℵ0 for some regular cardinal µ such that κ < µ ≤ λ. Let P be a finite set of regular
cardinals with P ⊆ {ρ : κ ≤ ρ ≤ λ}. For ρ ∈ P, let Sρ be a stationary subset of Eρω. Then ♦κ,λ[NGκ,λ|Y ] holds, where
Y = {a ∈ Pκ(λ) : ∀ρ ∈ P (∪(a ∩ ρ) ∈ Sρ)}.
Proof. Let |P| = m + 1 and P = {ρ0, . . . , ρm}, where ρ0 < ρ1 < · · · < ρm.Without loss of generality we can assume
that m ≥ 1 and 2<κ ≤ ρℵ0m . Put µ = ρm and S = Sρm . Let < γ : γ ∈ S >,< ϕn : n < ω >,< Mn(z) : n ∈ ω and
z ∈∏j≤n (j+1)µ >,< χ(a, b) : a, b ∈ Pκ(λ) and a ⊆ b > and< sa : a ∈ Pκ(λ) > be as in the proof of Lemma 10.3. Now fix
A ∈ NG∗κ,λ and X ⊆ λ. Let τ and k be as in the proof of Lemma 10.3.
For j < ω, set ν(m+1)j+i = ρi for each i ≤ m, and wj = (m + 1)j + m. Let T0 be the set of all t ∈ ⋃`<ω∏i<` νi with the
following property: Supposewn+1 ∈ dom(t),where n < ω. Let
F ij = χ(k(t  (wi + 1)), k(t  (wj + 1)))
for i < j ≤ n,
F jj = χ(X ∩ k(t  (wj + 1)), k(t  (wj + 1)))
for j ≤ n, and Gij = ϕj(F ij ) for i ≤ j ≤ n. Then t(wn+1) ∈ Mn(z), where z ∈
∏
j≤n (j+1)µ is defined by (z(j))(i) = Gij(n). For
T ⊆ T0, let sucT (t) = {α : t ∪ (dom(t), α) ∈ T } for each t ∈ T , and [T ] = {f ∈ ωλ : ∀j < ω(f  j ∈ T )}. For ` ≤ m, letΘ`
be the set of all T ⊆ T0 such that (a) t  j ∈ T whenever t ∈ T and j < dom(t), (b) |sucT (t)| equals 1 if νdom(t) < ρ`, and
νdom(t) if ρ` ≤ νdom(t) < µ, and (c) sucT (t) ∈ NS+µ if νdom(t) = µ.
Claim. Let n < m and T ∈ Θn. Then one can find δ ∈ Sρn and T ′ ∈ Θn+1 ∩ P(T ) so that for every f ∈ [T ′],
∪
((⋃
j<ω
k (f  j)
)
∩ ρn
)
= δ.
Proof of the claim. For γ < ρn, letWγ be the set of allW ⊆ T0 such that for any v ∈ W , (α) {v  j : j < dom(v)} ⊆ W ,
and (β) sucW (v) equals νdom(v) if νdom(v) < ρn, γ \α for some α < γ if νdom(v) = ρn, νdom(v) \β for some β < νdom(v)
if ρn < νdom(v) < µ, and D for some closed unbounded subset D of µ if νdom(v) = µ. Let C be the set of all γ < ρn such
that for anyW ∈ Wγ , there is f ∈ [T ] ∩ [W ]with (⋃j<ω k(f  j)) ∩ ρn ⊆ γ . Then C ∈ NS∗ρn . Pick δ ∈ C ∩ Sρn . Let H be the
set of all t ∈ T such that for any i ≤ dom(t) and anyW ∈ Wδ with t  i ∈ W , there is f ∈ [T ] ∩ [W ] such that t  i ⊆ f and
(
⋃
j<ω k(f  j)) ∩ ρn ⊆ δ. Then H ∈ Θn. Now pick an increasing sequence < δr : r < ω > of ordinals with
⋃
r<ω δr = δ.
Construct T ′ ∈ Θn+1 ∩ P(T ) so that for any t ∈ T ′, sucT ′(t) equals sucT (t) if νdom(t) 6= ρn, and {α} for some α such that
δrt ≤ α < δ otherwise, where rt = dom(t)−nm+1 . Then T ′ is as desired. This completes the proof of the claim.
Using the claim repeatedly, we can find K ∈ Θm ∩ P(T0) so that for every n < m and every f ∈ [K ],∪(⋃j<ω k(f 
j) ∩ ρn) ∈ Sρn .
From here on, proceed as in the proof of Lemma 10.3. 
More generally, the following holds.
Proposition 10.5. Suppose κ < λ and 2<κ ≤ M(κ, λ). Let P be a finite set of regular cardinals with P ⊆ {ρ : κ ≤ ρ ≤ λ}. For
ρ ∈ P, let Sρ be a stationary subset of Eρω. Then ♦κ,λ[NGκ,λ|Y ] holds, where Y = {a ∈ Pκ(λ) : ∀ρ ∈ P (∪(a ∩ ρ) ∈ Sρ)}.
Proof. Let ν be the least cardinal such that 2<κ ≤ νℵ0 .
Case ν < λ: Apply Lemma 10.4 (with µ = κ+ · ν+).
Case ν = λ = cf (λ): Apply Lemma 10.4 (with µ = λ).
Case ν = λ > cf (λ) = ω: By Proposition 3 of [18].
Case ν = λ > cf (λ) > ω: Then clearly χℵ0 < λ for every cardinal χ < λ, and therefore λℵ0 = λ = 2<κ . To obtain the
result, modify the proof of Proposition 2 in [20], proceeding as in the proof of Lemma 10.4.
Case ν > λ: Then 2<κ = λ+ and ω < cf (λ) < κ. We proceed again as in the proof of Lemma 10.4, the proof to be
modified being this time that of Proposition 6 of [17]. 
Question. Does Proposition 10.5 remain valid when one replaces in its statement ‘‘finite" by ‘‘countable" ?
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